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$\mathcal{R}=(-\infty, \infty),$ $\mathcal{R}_{+}=(0, \infty)$ , , $\mathcal{F}=\{F(\alpha h(x-\lambda)-\beta);(\alpha, \beta, \lambda)\in$
$\mathcal{R}_{+}x\mathcal{R}x\mathcal{R}\}$ . , $F(x)$ $f(x)$
$\mathcal{R}$ ; $h(x)$ $\mathcal{R}_{+}$ ,
$\lim_{x\backslash 0}h(x)=-\infty,$ $\lim_{xarrow\infty}h(x)=\infty$ . $\{x_{ij}\}(1\leq i\leq N;0\leq j\leq n(i)+1)$
, $x_{i0}=-\infty<x_{i1}<\cdots<x_{in;}<x_{in;+1}=\infty$
. $X_{i1},$ $\cdots,$ $X_{in:}$ $F(\alpha_{0}h(x-\lambda_{0})-\beta_{0})\in \mathcal{F}$
$n$ ; . $X_{1j}(1\leq i\leq N;1\leq j\leq n_{i})$ $\{X_{ij}\in C_{ij}\}$
. $C_{1J}\in\{[x_{ik}, x_{ik’}$ ) $;0\leq k<k’\leq$
$n(i)+1\}$ . , $C=\{C_{ij;}1\leq i\leq N;1\leq j\leq n_{i}\}$
. $n(1)=\cdots=n(N)=1$ 2
. , ,






, 2 , , 2
.
2
$N=1,$ $n(1)\geq 3,$ $h(x)=\log x$ .
(1990) . ,
. 3
, (1990) . $n=n_{I^{-}}$ .
$C_{11)}\cdots,$ $C_{1n}$
$x_{1},$ $\cdots,$ $x_{m}$ . , $x_{0}=-\infty<:x_{1}<\cdots<x_{m}<x_{m+1}=-\infty$ .




. $t(x, \theta)(\theta=(\alpha, \beta, \lambda)\in \mathcal{R}+x_{b}\mathcal{R}x[-\infty, \infty))$ .
$t(x, \theta)=\{\begin{array}{l}-\infty,-\infty\leq x\leq\lambda\alpha log(x-\lambda)-\beta,\lambda<x<\infty\infty x=\infty\end{array}$
$C=\{C_{11}, \cdots, C_{1n}\}$ $\ell(\theta)$ .
$\ell(\theta)=\sum_{J^{=1}}^{m+1}\sum_{=0}^{j-1}n:j\log(F(t(x_{i}, \theta))-F(t(x_{i)}\theta)))+const$ .
[ ] : $\mathcal{R}_{+}x\mathcal{R}x\mathcal{R}$ $\hat{\theta}\in \mathcal{R}_{+}x\mathcal{R}x\mathcal{R}$ $\ell(\theta)$
$\mathcal{R}_{+}x\mathcal{R}x\mathcal{R}$ .
, .
$n_{j}= \sum_{i=0}^{-1}n_{ij}J$ $1\leq j\leq m+1$ ;
$n_{i}$ . $= \sum_{=Ji+1}^{m+1}n_{ij}$ , $0\leq i\leq m$ .
.
2 . 1 . $\mathcal{R}_{+}x\mathcal{R}x\mathcal{R}$ $\partial$ $(i)\sim(iii)$
.
(i) $\Sigma_{\dot{J}}^{k_{=1}}n_{j}+\Sigma_{1}^{m_{=k+2}}n;$ . $\neq 0,0\leq k\leq m-2$ .








$(\tilde{\alpha},\tilde{\beta})=Arg$ $\max$$(a, \beta)\in R+XR\sum_{j=1}^{m+1}\sum_{1=0}^{j-1}n_{ij}\log(F(\alpha x_{j}-\beta)-F(\alpha x_{i}-\beta))$
2. 1. 2. 1 $(i)\sim(ii)$ $(\tilde{\alpha},\tilde{\beta})$ .
2. 1 . $F(x)$
.
$\mathcal{F}=\{F(\alpha h(x-\lambda)-\beta);(\alpha, \beta, \lambda)\in \mathcal{R}_{+}x\mathcal{R}x\mathcal{R}\}$
3 . $\alpha=1,$ $\beta=\lambda=0$ $n$
1 $000$ . .
$m=5;n=10,20,30$ ;
$x_{1}=t,$ $x_{2}=t+0.5,$ $x_{3}=t+1,$ $x_{4}=t+1.5,$ $x_{5}=t+2$ ;







3 $C$ 2 . , $x;=x_{i1}(1\leq$
$i\leq N)$ , $x_{1}<$ $<x_{N}$ $N\geq 3$ . $\Theta$
$\mathcal{R}+\cdot\kappa\cdot \mathcal{R}x[-\infty, \infty)$ , $\theta=(\alpha, \beta, \lambda)\in\dot{\mathcal{R}}+x\mathcal{R}x[-\infty, \infty)$
3
61
, $t(x, \theta)$ .
$t(x, \theta)=\{\begin{array}{l}\alpha h(x)-\beta\alpha h(x-\lambda)-\beta\end{array}\sim$ $\lambda=-\infty\lambda\neq-\infty$ .
$\tilde{h}(x)$ $\mathcal{R}$ , $\lim_{xarrow-\infty}\tilde{h}(x)=-\infty$ $\lim_{xarrow\infty}\tilde{h}(x)$
$=\infty$ . $D(z, p)$ :
$[0,1]x[0,1]arrow(-\infty, \infty]$ .
(C.1) $p\in[0,1]$ , $D(z, p)$ $p$ $(0,1)$ 2
, $- \infty\leq a_{0}(p)\equiv\lim_{z\backslash 0}\frac{dD(z,p)}{dz}<\infty$ $-\infty<a_{1}(p)\equiv$
$\lim_{p\nearrow 1}^{\underline{dD}_{dz}}L^{z_{R}}1\leq\infty$ .
(C.2) $p\in[0,1]$ , $D(z, p)$ $z$ $[0,1]$
$\overline{\mathcal{R}}$ .
$\ell$ : $\Thetaarrow(-\infty, \infty$] .
$\ell(\theta)=\sum_{1=1}^{N}(D(F(t(x;, \theta)),$ $n_{i1}/n_{i}$ ) $+D(1-F(t(x_{i}, \theta)),$ $n_{i2}/n_{i}$ )).
$n_{i1}$ , $n_{i2}$ $i$ , $\{X_{ij}\in(-\infty, x_{i})\}$ , $\{X_{1j}\in$
$[x;, \infty)\}$ .





$D(z,p)=\{\begin{array}{l}-plogz,z\neq 0\infty,p\neq 0and z=O0,p=0\end{array}$
(ii) 2 : $D(z, p)=(z-p)^{2}$ .












$S,$ $S_{1},$ $S_{2}$ , $\overline{S}$ $S$ , $S_{1}-S_{2}$ $S_{1}$ $S_{2}$ .





$\partial F(\Theta)=\overline{F(\Theta)}-F(\Theta)$ $F$ $\mathcal{F}(\Theta)\equiv\{F(t(x, \theta));\theta\in\Theta\}$
. $z=(z_{1}, \ldots, z_{N})\in Z$ , $L(z)$
.
$L( z)=\sum_{=1}^{N}(D(z_{i}, n_{i1}/n_{i})+D(1-z_{i}, n_{i2}/n_{i}))$ ,
$L(F(\theta))=\ell(\theta)$ .
.
3. 1. $\Theta$ $\mathcal{R}_{+}x\mathcal{R}x[-\infty, \infty$ ) , $M_{b}= \inf\{L(z);z\in\partial F(\Theta)\}$










$1,1\leq i\leq N;0\leq z\leq 1$
$\wedge i-1$ $\wedge N-$:
$b_{i}(z, z’)=(0, \ldots, 0, z, z’, \ldots , z’),$ $1\leq i\leq N-1;0\leq z\leq z’\leq 1$ .
(1984) .
3. 2. $\partial F(\mathcal{R}_{+}x\mathcal{R}x\{-\infty\})$ .
$\partial F(\mathcal{R}_{+}x\mathcal{R}x\{-\infty\})=\{z1;0<z<1\}\cup(\cup^{N_{=1}}\{a_{i}(z);0\leq z\leq 1\})$ .
$\mathcal{R}_{+}x\mathcal{R}x\mathcal{R}$ .
(A. $1$ ) $-(A.2)$ $\mathcal{R}_{+}$ $a(s),$ $\mathcal{R}_{+}$ $b(s),$ $c(s)=o(1)(sarrow$
$0+)$ $\mathcal{R}_{+}$ $c(s),$ $\mathcal{R}$ $w(s)$
.
(A.1) $s>0$ , $h’(s)>0$ $h(s)=o(h’(s))(sarrow 0+)$ .
(A.2) $(i)-(ii)$ $\mathcal{R}$ $d(x)$ $\{\{x\}x(0, d(x));x\in$
$\mathcal{R}\}$ $R(x, s)$ .
(i) $h(x+1/s)=a(s)+b(s)(\tilde{h}(x)+w(x)c(s)+R(x, s))$ ,
$x\in \mathcal{R};s\in(0, d(x))$ .
(ii) $x\in \mathcal{R}$ , $R(x, s)$ . $(0, d(x))$ ,
$R(x, s)=o(1),$ $R’(x, s)=o(c’(s))(sarrow 0+)$ .
2. 1.
(i) $h(x)=\log x$ . $h(x+ \frac{1}{s})$ ,
$a(s)=- \log s;b(s)=s;c(s)=s;d(x)=\frac{1}{|x|};\tilde{h}(x)=x$ ;
$w(x)=- \frac{x^{2}}{2};R(x, s)=\frac{x^{3}}{3}s^{2}+\cdots+(-1)^{n}\frac{x^{n}}{n}s^{n-1}+\cdots$ .
(ii) $h(x)=x-1/x$ . $h(x+ \frac{1}{s})$ ,





3 3. $\partial F(\mathcal{R}_{+}x\mathcal{R}x\mathcal{R})$ .
$\partial F(\mathcal{R}_{+}\cross \mathcal{R}\cross \mathcal{R})$ $=$ $\{z1;0<z<1\}$ $\cup$ ( $\text{ _{}=1}^{N-1}$ { $(z);0\leq z\leq 1\}$ )
$( \bigcup_{=1}^{N-2}\{b_{1}(z, z’);0\leq z<z’<1\})$
$F(\mathcal{R}_{+}x\mathcal{R}x\{-\infty\})$ .





. $p_{i}=n_{i1}/n_{*}\cdot,$ $q_{i}=1-p;,$ $1\leq i\leq N$ . $L(z)$
$L(z1)$ $=$ $\sum_{:=1}^{N}(D(z, p_{i})+D(1-z, q:))$ ,
$L(a_{i}(z))$ $=$
$\sum_{j<:}(D(0,p_{j})+D(1, q_{j}))+D(z,p_{i})+D(1-z, q_{i})$
$+ \sum_{j>j}(D(1,p_{j})+D(0, q_{j}))$ , $1\leq i\leq N$ .
8’ $\hat{z}_{0}\in[0,1]$ $L( a_{i}(\hat{z}_{i}))=\min_{0\leq z\leq 1}L(a:(z)),$ $L( \hat{z}_{0}1)=\min_{0\leq z\leq 1}L(z1)$
$(1\leq i\leq N)$ .
$\mathcal{R}_{+}x\mathcal{R}x\{-\infty\}$
( (1989)).
3. 4 3 $\mathcal{R}+x\mathcal{R}x\{-\infty\}$
.
$L(z_{0}1)= \min_{1\leq i\leq N}L(a_{j}(\hat{z}_{i}))$ . (1)
$\sum_{i=1}^{N}a_{1}(p_{i})<\sum_{i=1}^{N}b_{1}(q_{i})$ and $\sum_{=1}^{N}a_{1}(q_{i})<\sum_{i=1}^{N}b_{1}(p_{i})$ . (2)
$\sum_{:=1}^{N}D’(\hat{z}_{0},p_{i})\tilde{h}(x_{i})<\sum_{j=1}^{N}:$ . (3)





$k(1\leq k\leq N)$ , ,
$\sum_{i=1}^{k-1}p;\neq 0$ $f_{}^{\wedge}th \sum_{i=k+1}^{N}p_{i}\neq N-k$
$0<p_{k}<1\delta\}^{\prime\supset p_{k}\log p_{k}+q_{k}\log q_{k}\leq N(\overline{p}\log\overline{p}+\overline{q}\log\overline{q});}$
$0<\overline{p}<1$ ;
$\overline{p}\sum_{i=1}^{N}q_{i}\tilde{h}(x_{i})<\overline{q}\sum_{i=1}^{N}p_{i}\tilde{h}(x_{i})$ .
(ii) ( 2 ) $\mathcal{R}_{+}x\mathcal{R}x\{-\infty\}$ 2
.
2 $\sum_{>k}^{\cdot}p;\leq(N-k)+N\overline{p}^{2}+p_{k}^{2},1\leq k\leq N$ ;
$0<\overline{p}<1$ ;
$\overline{p}\sum_{=1}^{N}\tilde{h}(x_{i})<\sum_{i=1}^{N}p;\tilde{h}(x_{1})$ .
(iii) ( ) $\mathcal{R}_{+}x\mathcal{R}x\{-\infty\}$
.








$1\leq i\leq N-2$ .
$(\hat{u};,\hat{v}_{i})\in[0,1]x[0,1](1\leq i\leq N)$ .
$L( b_{i}(\hat{u};,\hat{v}_{i}))=\min_{0\leq u\leq v\leq 1}L(b_{i}(u, v))$ .
$L( b_{k}(\hat{u}_{k},\hat{v}_{k}))=\min_{1\leq i\leq N}L(b_{i}(\hat{u}_{i},\hat{v}_{i}))$ $k(1\leq k\leq N)$ .
$\mathcal{R}_{+}x\mathcal{R}x\mathcal{R}$
( (1989)).
3. 5. (1) $-(3)$ . $\ell(\hat{\alpha},\hat{\beta}, -\infty)=\min_{\theta\in R_{+}xRx\{-\infty\}}\ell(\alpha, \beta, -\infty)$ .
. (i) $-(iv)$ $\mathcal{R}_{+}x\mathcal{R}x\mathcal{R}$
.
(i) $l(\hat{\alpha},\hat{\beta}, -\infty)\leq L(b_{k}(\hat{u}_{k},\hat{v}_{k}))$
$\sum_{j=1}^{N}w(x_{i})f(\hat{\alpha}\tilde{h}(x_{i})-\hat{\beta})D’(F(\hat{\alpha}\tilde{h}(x_{i})-\hat{\beta}),p_{i})$
$< \sum_{1=1}^{N}:\cdot$
(ii) $L(b_{k}(\hat{u}_{k},\hat{v}_{k}))\leq\ell(\hat{\alpha},\hat{\beta}, -\infty),$ $0<\hat{u}_{k}<\hat{v}_{k}<1$
$\sum_{i\geq k+2}h(x;-x_{k})D’(\hat{v}_{k}, p_{i})<\sum_{i\geq k+2}h(x;-x_{k})D’(1-\hat{v}_{k}, q_{i})$
.
(iii) $L(b_{k}(\hat{u}_{k},\hat{v}_{k}))\leq\ell(\hat{\alpha},\hat{\beta}, -\infty),\hat{u}_{k}=0<\hat{v}_{k}<1$ , $x\in(x_{k}, x_{k+1})$
$\sum_{i\geq k+2}h(x;-x)D’(\hat{v}_{k}, p_{i})<\sum_{i\geq k+2}h(x;-x)D’(1-\hat{v}_{k}, q_{i})$
.
(iv) $L(b_{k}(\hat{u}_{k},\hat{v}_{k}))\leq\ell(\hat{\alpha},\hat{\beta}, -\infty),$ $0<\hat{u}_{k}=\hat{v}_{k}<1$ , $x\in(x_{k-1}, x_{k})$
$\sum_{i\geq k+1}h(x;-x)D’(\hat{v}_{k},p_{i})<\sum_{i\geq k+1}h(x;-x)D’(1-\hat{v}_{k}, q_{i}):$.
3. 2 $\hat{z}_{0},\hat{z}_{i}(1\leq i\leq N),\hat{\alpha},\hat{\beta},$ $(\hat{u};,\hat{v};)(1\leq$
9
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. $n_{1}=n_{2}=n_{3}=n_{4}=n$ , $h(x)$ $h(x)=\log x$
.
$\tilde{h}(x)=x$ ; $w(x)=- \frac{x^{2}}{2}$
$t(x, \theta)=\{\begin{array}{l}\alpha x-\beta\alpha log(x-\lambda)-\beta\end{array}$ $\lambda\neq-\infty\lambda=-\infty$
,
$\theta=(\alpha, \beta, \lambda)\in \mathcal{R}_{+}x\mathcal{R}x[-\infty, \infty)$
. .
$(N)$ : $N=4$
$n=10$, 30, 50, 100
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